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Abstract
The continuation of the Liouville conformal field theory to c ≤ 1 is considered.
The viability of an interpretation involving a timelike boson which is the confor-
mal factor for two-dimensional asymptotically de Sitter geometries is examined.
The conformal bootstrap leads to a three-point function with a unique analytic
factor which is the same as that which appears along with the fusion coefficients in
the minimal models. A corresponding non-analytic factor produces a well-defined
metric on fields only when the central charge is restricted to those of the topolog-
ical minimal models, and when the conformal dimensions satisfy h > (c− 1)/24 .
However, the theories considered here have a continuous spectrum which excludes
the degenerate representations appearing in the minimal models. The c = 1 the-
ory has been investigated previously using similar techniques, and is identical to
a non-rational CFT which arises as a limit of unitary minimal models. When
coupled to unitary matter fields, the non-unitary theories with c ≤ −2 produce
string amplitudes which are similar to those of the minimal string.
1w-mcelgin@uchicago.edu
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1 Introduction
The Liouville conformal field theory (for reviews and early work see [1]-[4]) has been widely in-
vestigated for well over two decades, although it was some time before a well-defined three-point
function was written down [5, 6, 7]. Since then there has been very substantial progress in under-
standing Liouville theory on both closed and open surfaces [8]-[13]. However, it has been relatively
recently [14, 15, 16] that the bulk theory has been shown to constitute a rigorously defined proto-
type (in the sense of [17]) for unitary non-rational conformal field theories. Some of the advances in
understanding Liouville theory are due to the fact that it shares many properties with the minimal
models [18, 19]. These are rational theories with c < 1 and, particularly for the unitary family,
are perhaps the most completely understood of all CFTs. The coupling of the minimal models to
Liouville theory has been considered [20]-[27] as an interesting string model which is closely associ-
ated with two-dimensional gravity. One somewhat problematic feature of this model, shared by all
unitary models coupled to the minimal models, is that the conformal dimensions of the Liouville
operators which screen minimal model fields are both discrete and bounded from above. Fur-
thermore, a related theory involving a timelike Liouville field provides a seemingly more tractable
spacetime interpretation for string amplitudes, as well as an interesting model of two-dimensional
asymptotically de Sitter cosmologies. For these and other reasons, efforts have been made [28]-[32]
to define a non-rational counterpart to Liouville theory for c ≤ 1 through the analytic continuation
of correlation functions.
One interesting example of a non-rational CFT that is related to Liouville theory is the c = 1
model of [33] which appears as the p → ∞ limit of the unitary (p, p + 1) minimal models. It was
later shown in [31] that this model results from the continuation of Liouville theory to c = 1. This
work also included a discussion of the related theories for c < 1. The present work uses some of
the techniques of [31] to treat these theories in more detail. The result has been that non-rational
conformal field theories arising from a continuation of Liouville theory appear only at the central
charges of the topological minimal models. These are given by
c = 13− 6 (q−1 + q) (1)
where q is a positive integer. Unlike the c = 1 theory of [33], for q > 1 these theories are necessarily
non-unitary. However, they share many features with this model, most significantly that only
non-degenerate Virasoro representations appear in the spectrum of fields. Furthermore, in order to
define a diagonal (Mobius invariant) metric on fields, these theories also require a specification of
the identity operator through the derivative of the continued dimension zero field. This procedure
produces a spectrum of fields which appears to be restricted to h > (c− 1)/24 , a range for which
a timelike interpretation of the continued Liouville boson is difficult to elucidate. The precise
correspondence of these theories to the topological minimal models is an interesting matter that
will not be addressed here.
The order of topics covered in these notes is as follows. In section 2 a short review of Liouville field
theory is given, along with some discussion of the zero-mode picture. In section 3 a discussion of
the continuation of the Liouville boson to timelike signature is presented, along with known results
about the spectrum of normalizable states in the corresponding quantum mechanics. In section 4
some conventions are established and a somewhat detailed review is given of the derivation of the
shift relation of the Liouville three-point function through the imposition of crossing symmetry on
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four-point correlators. In section 5 the unique (up to vertex operator rescalings) solution of the shift
relations is given for c ≥ 25 , and a corresponding function for c ≤ 1 is considered which arises from
the continuation of the Liouville shift relations. As discussed in [25], this function is closely related
to the minimal model three-point function, but does not produce the correct fusion coefficients and
turns out not to respect Mobius invariance. In section 6 the continuation of the Liouville three-point
function to c ≤ 1 is derived. The analytic solution to the shift relations for c ≤ 1 given in section 5
appears along with a non-analytic factor previously introduced in [31] for c = 1 . This factor is
then seen to produce a diagonal two-point function only for the central charges of the topological
minimal models (1), and for primary fields of conformal dimension h > (c− 1)/24 . In section 7 a
short discussion of string amplitudes involving c ≥ 25 and c ≤ 1 Liouville three-point functions is
given. These amplitudes include the vertex operator scalings (“leg factors”) of the minimal string
as well as the non-analytic factor associated with the non-rational models considered in these notes.
Finally, in section 8 it is argued that there does not appear to be a sensible interpretation of the
correlators presented here in terms of an interacting timelike boson. Also discussed is the interesting
fact that the central charges (1) which lead to well-defined amplitudes are also those for which the
dual potential of the coulomb gas treatment of the c ≤ 1 CFT vanishes.
2 Liouville Field Theory
The Liouville conformal field theory on closed surfaces is motivated by the following action:
SL[φ](b, µ) =
1
4pi
∫
d2σ
√
g
(
(∇φ)2 +QRφ+ 4piµ e2bφ
)
(2)
The central charge of the theory is c = 1 + 6Q2 , and µ is taken to be real and strictly positive
throughout these notes. For the interaction to be a marginal perturbation of the linear dilaton
CFT it is required that Q = b+ b−1. Note that the action satisfies the relation
SL[φ](b, µ) = SL[φ+ lnµ/2b](b, 1) − Qχ lnµ/2b (3)
where χ is the Euler number of the surface. As discussed below, this leads to the KPZ scaling
relation on correlation functions of primary vertex operators. Defining UL = µ e2bφ , it turns out
that crossing symmetry of the Liouville CFT requires the introduction of the following “dual”
interaction :
U˜L = µ˜ e2φ/b (4)
where µ and µ˜ are related by
(piµγ(b2))1/b = (piµ˜γ(b−2))b (5)
Here γ(x) = Γ(x)/Γ(1− x) . That UL and U˜L in (4) are marginal (h = h¯ = 1) follows from the fact
that for the linear dilaton stress tensor
T = −∂φ∂φ+Q∂2φ (6)
the conformal dimension of e2aφ is hL(a) = hL(Q − a) = a(Q − a) . The duality symmetry µ → µ˜
and b → b−1 is an exact symmetry of Liouville correlation functions. Due to the form of µ˜(µ, b),
the interaction U˜L also preserves the relation (3).
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The Liouville CFT on the sphere is characterized by the three-point correlation function
〈Va3(z3)Va2(z2)Va1(z1)〉 =
CL(a3, a2, a1)
(z12z¯12)h1+h2−h3(z23z¯23)h2+h3−h1(z31z¯31)h3+h1−h2
(7)
Here hj = h¯j = aj(Q− aj) is the conformal dimension of the primary vertex operator Vaj . Cross-
ing symmetry and the truncated operator product expansions of the level-two degenerate primary
operators V−b/2 and V−b−1/2 lead to difference equations which, for real b, produce a unique solu-
tion [5, 6, 7] for CL(a3, a2, a1) :
CL(a3, a2, a1) =
(
piµγ(b2) b2(1−b
2)
)(Q−aˆ)/b Υb(b)
Υb(aˆ−Q)
∏
j
Υb(2aj)
Υb(aˆ− 2aj) (8)
Here aˆ =
∑
j aj and Υb(a) = Υb(Q−a) = Υb−1(a) is an entire function with zeros at a = −nb−m/b
and a = Q + nb + m/b, with n and m non-negative integers. For the strip 0 < a < Q , Υb(a) has
the following integral representation
ln Υb(a) =
∫ ∞
0
dt
t
[
(Q/2− a)2e−2t − sinh
2[(Q/2− a)t]
sinh(bt) sinh(t/b)
]
(9)
In fact, Υb(a) can be analytically continued to the entire complex b2 plane except for the negative
real axis, a point relevant to the timelike continuation we would like to consider below. Furthermore,
Υb(a) satisfies
Υb(a+ b) = γ(ba) b(1−2ba) Υb(a)
Υb(a+ b−1) = γ(a/b) b(2a/b−1) Υb(a) (10)
These relations allow the following reflection symmetry to be derived from the three-point function
Va = RL(a)VQ−a (11)
Here RL(a) satisfies RL(a)RL(Q− a) = 1 , and is given by
RL(a) =
(
piµγ(b2)
)(Q−2a)/b γ(2ab− b2)
b2 γ(2− 2a/b+ b−2) (12)
Note that (11) is written as a relation between vertex operators rather than simply as a symmetry
of the three-point function since it also holds for all correlators on surfaces of arbitrary genus,
including in the boundary theory [8]-[13]. Thus there is a single primary vertex operator for a
given conformal dimension,2 and the (perturbative) vertex operator with h = h¯ = a(Q − a) may
be written in terms of exponentiated free fields as
Va = e2aφ = RL(a) e2(Q−a)φ (13)
From the form of the dual cosmological constant µ˜(µ, b) , it may be seen that
∂µ˜
∂µ
= b−2 µ˜/µ = RL(b) (14)
2This assumption is required in order to get a unique answer to the conformal bootstrap.
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and that the form of the dual potential (4) is consistent with the reflection property :
∂
∂µ
UL =
∂
∂µ
U˜L = Vb (15)
The operator equation of motion then reads
− 2∇2φ+QR+ 8piµb Vb = 0 (16)
Also implied by the form of Va is the KPZ scaling relation:
〈Van . . . Va1〉µ = µ(Q−
P
j aj)/b 〈Van . . . Va1〉µ=1 (17)
For particular values of the charges, it is possible to compute the correlation functions perturbatively
in µ and µ˜ as follows
〈Van(zn) . . . Va1(z1)〉µ =
∞∑
q,p=0
(−1)(q+p)
q! p!
∫
d2xq . . . d
2x1
∫
d2yp . . . d
2y1〈
Van(zn) . . . Va1(z1)UL(xq) . . . UL(x1) U˜L(yp) . . . U˜L(y1)
〉
−iQ
(18)
The correlator 〈. . .〉−iQ is that for the linear dilaton CFT and vanishes unless the sum of the
charges (coefficients of 2iφ) in a given product of exponentials equals −iQ. This is a significant
restriction on the charges which allow a perturbative computation of the correlators. However,
such a calculation precisely reproduces the residues of all of the poles in (8).
The reflection property (11) is related to normalizability of the primary vertex operators in
the sense that, as for solutions in the zero-mode quantum mechanics, there is a single vertex
operator per conformal dimension. There is a further restriction on the spectrum of normalizable
vertex operators, also seen in the zero-mode quantum mechanics, which arises from the two-point
function. Defining 2aj = Q+ ipj , the two-point function takes the form
〈Va2(z2)Va1(z1)〉 = lim
a3→0
〈Va3(z3)Va2(z2)Va1(z1)〉 =
2piδ(p1 + p2) +RL(a1) 2piδ(p1 − p2)
(z12z¯12)2h1
(19)
Use has been made here of the identities (10), one consequence of which is Υ′b(0) = Υb(b) . The
charges of the normalizable vertex operators are thus of the form 2aj = Q+ ip, with Im(p) = 0 and
Re(p) > 0 , as allowed by (11). These normalizable operators, which satisfy h = (Q2+p2)/4 ≥ Q2/4 ,
comprise the spectrum of states of the spacelike Liouville CFT. In particular, factorization of
correlators of normalizable operators involves only this spectrum as intermediate states. With this
choice for the spectrum, the three point function (8) has been shown [14, 15, 16] to give rise to a
well-defined non-rational unitary CFT.
Liouville Quantum Mechanics
The above picture can be made more clear by examining the zero-mode quantum mechanics asso-
ciated with the action (2). Taking p2 = 4h − Q2 , the following zero-mode wave equation applies
to solutions ψp associated with primary fields of dimension h :(
− ∂
2
∂φ2
+ 4piµ e2bφ
)
ψp(φ) = p2 ψp(φ) (20)
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The solutions are the Bessel functions
I(ip/b, ebφ
√
4piµ/b2) ' eipφ
(
piµ/b2
)ip/2b
Γ(1 + ip/b)
(21)
where the behavior in the region φ→ −∞ has been shown. Defining x = ebφ√4piµ/b2 , as φ→∞
these solutions have the asymptotic form
I(ip/b, x) ∼ e
−bφ/2
√
2pi
(
4piµ/b2
)−1/4 (
ex + i e−ppi/b e−x
)
(22)
Only the linear combination
K(ip/b, x) = i
pi
2
I(+ip/b, x)− I(−ip/b, x)
sinh(pip/b)
(23)
vanishes at large φ . This choice corresponds to the reflection property (11) in the CFT. In partic-
ular, taking 2a = Q+ ip, (12) may be written as
RL(a) = −
(
piµγ(b2)
)−ip/b Γ(1 + ip/b)
Γ(1− ip/b)
Γ(1 + ipb)
Γ(1− ipb) (24)
which for p of O(1) and small b corresponds with the reflection coefficient associated with the
behavior of the K function as φ → −∞ (see (25) below). For real p it may be seen that RL(a) is
a pure phase, as expected for a completely reflecting potential. Furthermore, only for real p is the
K function normalizable, and thus the zero-mode picture reproduces the spectrum implied by the
two-point function (19).
To see that the zero-mode quantum mechanics exhibits the behavior of the three-point func-
tion (8), we define the wavefunctions
Ψ(p, φ) =
2
(
piµ/b2
)−ip/2b
Γ(−ip/b) K(ip/b, x) ' e
ipφ +
Γ(ip/b)
Γ(−ip/b)
(
piµ/b2
)−ip/b
e−ipφ (25)
Where the behavior as φ→ −∞ is shown. As φ→∞ , Ψ(p, φ) has the asymptotic form
Ψ(p, φ) ∼
√
2pi
(
piµ/b2
)−ip/2b
Γ(−ip/b)
(
4piµ/b2
)−1/4
e−bφ/2 exp
(
−ebφ
√
4piµ/b2
)
(26)
Defining
2a1 = Q+ ibpˆ 2a2 = Q+ ibkˆ 2a3 = 2bsˆ (27)
the zero-mode analog of the structure constant is given by
CL0(a3, a2, a1) =
∫
dφΨ(bpˆ, φ) Ψ(bkˆ, φ) e2bsˆφ (28)
After performing the integral it is found that
CL0(a3, a2, a1) =
(1/b)
(
piµ/b2
)−(sˆ+i(pˆ+kˆ)/2)
Γ(−ipˆ) Γ(−ikˆ) Γ(2sˆ) |Γ(sˆ+ i(pˆ+ kˆ)/2)|
2 |Γ(sˆ+ i(pˆ− kˆ)/2)|2 (29)
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Q/21b
a 2h
φˆ
1
2Q
2
h = 1
Figure 1: The figure at left above shows the complex a plane in spacelike Liouville quantum
mechanics, with the spectrum of normalized states shown in blue. There is a continuum of states
for p ∈ R+ , where 2a = Q+ ip . The figure at right is a plot of the potential exp(2bφˆ) +Q2/2 for
the unit mass Schroedinger equation corresponding to (20) with energy 2h , where the substitution
2bφˆ = 2bφ + ln(2piµ) has been made. Also shown is a plot of the solution K(ip/b, exp(bφˆ)
√
2/b2)
for p = 10 b , where h = (Q2 + p2)/4 . The choice b = 0.3 has been made in both figures.
Using the asymptotic form of Υb(bxˆ) for small b
Υb(bxˆ) ∼ Υb(b) b(1−xˆ) (Γ(xˆ))−1 (30)
the exact Liouville structure constant (8) with the charges (27) coincides with (29) for small b
CL(a3, a2, a1) ' CL0(a3, a2, a1) (31)
Taking the limit sˆ→ 0 for small b, the expression for the two-point function (19) is recovered from
the zero-mode three-point function (29)
lim
sˆ→0
CL0(a3, a2, a1) = 2piδ(p+ k) +
(
piµ/b2
)−ip/b Γ(ip/b)
Γ(−ip/b) 2piδ(p− k) (32)
where the substitutions p = bpˆ and k = bkˆ have been made.
3 Timelike Liouville Quantum Mechanics
At least naively, a continuation of Liouville theory to timelike signature can be effected by defining
φ = iϕ and b = −iβ. This leads to a timelike analog [34, 35, 36] of the Liouville action (2) which
has the form
ST [ϕ](β, ρ) =
1
4pi
∫
d2σ
√
g
(
−(∇ϕ)2 − ΛRϕ+ 4piρ e2βϕ
)
(33)
Here ρ has been substituted for µ , and we have defined Λ = −iQ = 1/β−β . Choosing the branch
b =
√
(c− 1)/24−√(c− 25)/24 , this leads to β ∈ (0, 1] ⊂ R for central charge c = 1− 6Λ2 ≤ 1 .
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Taking a = −iα , exponential operators e2aφ continue to operators e2αϕ in the timelike theory
with conformal dimension h = α(Λ + α) . Besides the change in signature, ST differs from SL
of (2) in at least two other significant ways. First, the term QRφ in (2) implies that the region
of strong string coupling appears as φ → ∞ , whereas the term −ΛRϕ in (33) implies that strong
string coupling appears as ϕ → −∞ . Related to this is the difference between gSµν = gµνe2aφ and
gTµν = gµνe
2βϕ when interpreted as metrics of a two-dimensional quantum gravity. The spacelike
Liouville equations of motion
− 2∇2φ+QR+ 8piµb e2bφ = 0 (34)
imply that gSµν , for a choice of worldsheet metric gµν such that R[g] = 0, describes a space of
constant negative curvature. That is, it describes a locally anti-de Sitter geometry :
R[gS] = e−2bφ
(
R[g]− 2b∇2φ) = −8piµb2 (35)
Conversely, (33) implies that gTµν describes a space of constant positive curvature; that is, a locally
de Sitter geometry [37, 30] with R[gT ] = 8piρβ2 . Furthermore, the geometric interpretation implies
that strong string coupling appears at large scale for the spacelike theory, a regime that the field
cannot fully explore due to the form of the potential. For the timelike theory, strong string coupling
appears at small spatial scale, a regime that is accessible to the field when coupled to unitary matter
which is in a state that is sufficiently excited to overcome the negative Casimir energy of the matter
fields.
To attempt to make sense of the CFT correlation functions it is helpful to consider the zero-mode
quantum mechanics of (33). After the continuation of (20) using φ = iϕ , b = −iβ , and p = iω ,
the timelike zero-mode Schroedinger equation reads(
− ∂
2
∂ϕ2
− 4piρ e2βϕ
)
ψω(ϕ) = ω2 ψω(ϕ) (36)
The sign convention p = iω has been chosen to produce eipφ = e−iωϕ. Note that the operator e2αϕ
with 2α = −Λ − iω has conformal dimension h = −(Λ2 + ω2)/4. To find the solutions to (36) it
is easiest to recognize that we may continue the solutions to (20). Using x = ebφ
√
4piµ/b2 from
above, and defining y = −ix = eβϕ√4piρ/β2 , the Bessel J functions appear as a result of the
continuation
I(ip/b , x) = I(−iω/β , iy) = e−piω/2β J(−iω/β , y) (37)
The Bessel J functions have the following ϕ→ −∞ behavior
J(iω/β , eβϕ
√
4piρ/β2 ) ' eiωϕ
(
piρ/β2
)iω/2β
Γ(1 + iω/β)
(38)
As ϕ→∞ these solutions have the asymptotic form
J(iω/β, y) ∼ e
−βϕ/2
√
2pii
(
4piρ/β2
)−1/4 (
eωpi/2β eiy + i e−ωpi/2β e−iy
)
(39)
For the spacelike theory, the normalizable solutions to the wave equation form a complete orthogonal
set. In particular, the normalization of K(ip, x) (23) is given by∫ ∞
0
dx
x
K(ip, x) K(ik, x) =
pi
2p
pi
sinh(pip)
(δ(p+ k) + δ(p− k)) (40)
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where both p and k are real. In the timelike case, the normalizable solutions form an overcomplete
set, as may be seen from ∫ ∞
0
dy
y
J(s, y) J(t, y) =
1
s+ t
sin(pi(s− t)/2)
pi(s− t)/2 (41)
which is convergent for Re(s + t) > 0 . Note that solutions with (s − t)/2 ∈ Z6=0 are orthogonal.
As expected from the asymptotic form of the solutions, a pole appears at s = −t . The non-
orthogonality of solutions of different energies is associated with the fact that a classical particle
will reach ϕ→∞ in finite conformal time. The choice of a self-adjoint Hamiltonian will distinguish
a particular orthogonal set of solutions with real energy via boundary conditions at ϕ→∞ .
Before considering how the requirement of self-adjointness of the Hamiltonian restricts the spec-
trum of states for timelike Liouville, a brief review of the relevant general operator theory is pro-
vided here. Consider an operator A on a Hilbert space H which is defined on some dense domain
D(A) ⊂ H . Then there exists a unique adjoint A∗ with domain D(A∗) ⊃ D(A) which satisfies
〈A∗g|h〉 = 〈g|Ah〉 for all h ∈ D(A) and g ∈ D(A∗). An extension B of A is an operator with
domain D(B) ⊃ D(A) such that Bh = Ah for all h ∈ D(A). It may be seen that
D(A∗) ⊃ D(B∗) ⊃ D(B) ⊃ D(A) (42)
An operator S is symmetric if 〈Sg|h〉 = 〈g|Sh〉 for all h ∈ D(S) and g ∈ D(S) ⊂ D(S∗). An
operator H is self-adjoint if it is symmetric and D(H) = D(H∗). Given a symmetric operator S ,
the conditions for it to possess a self-adjoint extension H may be explained by starting with the
following significant fact about symmetric operators
D(S∗) = D(S) + Ker(S∗ − i) + Ker(S∗ + i) (43)
It may be seen that Ran(S± i) is a closed subspace of H with orthogonal complement Ker(S∗∓ i) .
Thus, given the decomposition H = Ran(S ± i)⊕Ker(S∗ ∓ i) , it follows that
(S∗ − i)ψ = (S − i)φ− 2iη− = (S∗ − i)(φ+ η−) (44)
where ψ ∈ D(S∗) , φ ∈ D(S) , and η− ∈ Ker(S∗ + i) . Thus η+ = ψ − φ− η− ∈ Ker(S∗ − i) , which
is equivalent to (43). It turns out that 〈S∗g|h〉 = 〈g|S∗h〉 for all h ∈ D(S∗) and g ∈ D(S∗) if and
only if η− = Uη+ , where U is a unitary transformation. This imposes
dim Ker(S∗ + i) = dim Ker(S∗ − i) (45)
as a sufficient condition for a symmetric operator S to possesses a family of inequivalent self-adjoint
extensions. Given a particular U , a self-adjoint extension with H = H∗ and D(H) = D(H∗) may
be constructed as
D(H) = {ψ = φ+ η+ + η− |φ ∈ D(S) , η+ ∈ K+ , η− = Uη+ ∈ K−} (46)
where the abbreviation K± = Ker(S∗ ∓ i) has been made.
Given the form of the kinetic term in (2), a sufficient condition for the spacelike differential
operator of (20) to be given by a symmetric operator (S,D(S)) is
D(S) = {ψ ∈ H |Sψ ∈ H , lim
φ→±∞
ψ(φ) = 0 , lim
φ→±∞
∂φψ(φ) = 0 } (47)
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Of course, replacing φ with ϕ , the timelike theory shares this condition. Note that this implies
that there are no boundary conditions on D(S∗) = {ψ ∈ H |S∗ψ ∈ H}. An examination of the
subspaces Ker(S∗ ± i) determines the dimensionality of the space of self-adjoint extensions of the
naive zero-mode Hamiltonians of the respective Liouville theories. For the spacelike theory, the four
solutions of S∗ = p2/b2 = ±i are given by I(σ ie±ipi/4, x) , where σ = ±1 indexes the two solutions
of (20). It may be seen from the φ → ±∞ behavior in (21 , 22), that none of these solutions are
normalizable. Thus dimKer(S∗ ± i) = 0 , and S has a unique self-adjoint extension H for the
spacelike theory. Note that in this case the spectrum is purely continuous as expressed in (40). For
the timelike theory (36), the four solutions of S∗ = ω2/β2 = ±i are J(σ ie±ipi/4, y) , where again
σ = ±1. Given the integral (41), it may be seen that the only normalizable solutions are of the
form
ψ±(y) =
(
pi
sinh(pi/
√
2)
)1/2
J(∓ie±ipi/4, y) (48)
where we have taken ||ψ±|| = 1 . Thus dimKer(S∗ ± i) = 1 , and the operator S for the timelike
theory possesses a one parameter family of self-adjoint extensions Dν(H) . The unitary operator
required in (46) is given by Uνψ+ = exp(2piiν)ψ− .
−Λ/2 1β
α −2h
ϕˆ
1
2Λ
2
h = 1
Figure 2: The figure at left above shows the complex α plane in timelike Liouville quantum me-
chanics, with the spectrum of normalized states shown in blue. For each ν ∈ (0, 1] , which cor-
responds to a particular self-adjoint extension of the Hamiltonian, there is a continuum of states
(50) with ω ∈ R+ , where 2α = −Λ + iω . In addition, there is a discrete set of states (49) with
iω = 2β(n + ν) for n ∈ Z≥0 . The figure at right is a plot of the potential − exp(2βϕˆ) + Λ2/2
for the unit mass Schroedinger equation corresponding to (36) with energy −2h , where the sub-
stitution 2βϕˆ = 2βϕ + ln(2piρ) has been made. Also shown is a plot of the discrete solution
J(2(n + ν), exp(βϕˆ)
√
2/β2) for ν = 0.6 and n = 3 , for which h = −(Λ2 + ω2)/4 > −Λ2/4 . Not
shown is an example of the continuum of solutions (50) corresponding to h < −Λ2/4 for this value
of ν . The choice β = 0.3 has been made in both figures.
Perhaps the simplest way to determine the spectrum associated with the parameter ν is to note
from (41) that there is a discrete orthonormal set of solutions with imaginary ω(ν, n) = −2iβ(n+ν)
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given by
Ψνn(y) =
√
4(n+ ν) J(2(n+ ν), y) (49)
Here we take n ∈ Z≥0 and ν ∈ (0, 1] . For real ω , a solution corresponding to conformal dimension
h = −(ω2 + Λ2)/4 is given by
Φνω(y) = A
ν
ω J(iω/β, y) +B
ν
ω J(−iω/β, y) (50)
Imposing that Ψνn and Φ
ν
ω are orthogonal leads to the condition
Aνω sinh(piω/2β + piiν) = B
ν
ω sinh(piω/2β − piiν) (51)
Choosing
Bνω =
(
ω/β
sinh(piω/β)
)1/2
(52)
the solutions Φνω(y) are given the continuum normalization∫ ∞
0
dy
y
Φ¯νω1(y) Φ
ν
ω2(y) = δ(ω2 − ω1) (53)
where we have implicitly taken ωj > 0 . It may be shown that this basis is complete, that is
∞∑
n=0
Ψ¯νn(y1) Ψ
ν
n(y2) +
∫ ∞
0
dω Φ¯νω(y1) Φ
ν
ω(y2) = δ(ϕ1 − ϕ2) (54)
where, as above, y = eβϕ
√
4piρ/β2 . Note that, as for the discrete states with h > −Λ2/4 , the
condition of self-adjointness of the Hamiltonian requires that there is a single continuum normalized
state for each h < −Λ2/4 . The zero-mode three-point function associated with the solutions Ψνn
and Φνω is treated in [35]. It is clear from the behavior of the solutions that these amplitudes
do not follow from the continuation of the Liouville three-point function (29). In section (6) the
continuation of the Liouville CFT to c ≤ 1 will be treated and an interpretation of the correlators
in terms of a spacelike boson will be given. As will be discussed below, there does not appear to
exist a CFT corresponding to the timelike model treated in this section.
4 Conformal Bootstrap: Shift Relations
The existence of degenerate Virasoro representations permits the derivation of analytic shift re-
lations which lead to unique three-point and two-point functions for primary fields in Liouville
theory. This procedure, which makes use of the crossing symmetry of the four-point correlator, and
the assumption of one primary vertex operator per conformal dimension, is an example of what
is often referred to as the conformal bootstrap [18, 17]. The conformal Ward identities, and the
factorization that is utilized in the bootstrap, then allow all correlation functions on the sphere
to be computed from the two-point and three-point amplitudes. Below a z-frame primary vertex
operator will be denoted by V (z)a (z, z¯) , with a condensed form V
(z)
a ≡ V (z)a (0, 0) for operators at
the origin. The three-point amplitude for primary fields is characterized by the numbers
CL(a3, a2, a1) = 〈V (u)a3 V (w)a2 V (z)a1 〉 (55)
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Here z-frame radial ordering is implicit with the frames related by z = 1 − w = 1/u . Symmetry
under exchange of the charges {aj} arises from Mobius symmetry (in this case permutation of the
z, w, and u frames). The two-point function is similarly defined by
GL(a2, a1) = 〈V (u)a2 V (z)a1 〉 (56)
Before proceeding to the bootstrap, it is necessary to adopt some conventions and make an as-
sumption about the nature of the spectrum. Here the primaries are taken to satisfy a reflection
relation Va = RL(a)VQ−a , which implies RL(a)RL(Q− a) = 1 . As above, h = h¯ = a(Q− a) , with
c = 1 + 6Q2 and Q = 1/b + b . For the moment, the branch b ∈ (0, 1) ⊂ R is chosen with c > 25,
along with values for a such that h is real. Given the identification 2a = Q + ip , elements of the
spectrum S will be taken to correspond to p ∈ R+. The two-point function then takes the following
general form
GL(a2, a1) = RL(a1)DL(Q− a1) 2piδ(p1 + p2) + DL(a1) 2piδ(p1 − p2) (57)
Here DL(a) may be seen to satisfy RL(a)DL(Q− a) = RL(Q− a)DL(a). Mobius invariance implies
that the four-point function is characterized by the cross-ratio η = (z12z34)/(z13z24) as follows
Ga4a3a2a1(η, η¯) = 〈V (u)a4 V (w)a3 V (z)a2 (η, η¯)V (z)a1 〉
= 〈V (u)a4 V (w)a1 V (w)a2 (η, η¯)V (z)a3 〉
= 〈V (u)a1 V (w)a3 V (u)a2 (η, η¯)V (z)a4 〉 (58)
This leads to the crossing symmetry relation
Ga4a3a2a1(η, η¯) = Ga4a1a2a3(1− η, 1− η¯) = (ηη¯)−2h2 Ga1a3a2a4(1/η, 1/η¯) (59)
The four-point function is expected to factorize as
Ga4a3a2a1(η, η¯) =
∫
S({aj})
da CL(a4, a3, a)DL(a)−1CL(a, a2, a1) |Fa4a3a2a1(a|η)|2 (60)
Here the integral extends over a domain S({aj}), which depends on the charges and may include
discrete contributions. However, if all of the charges are in the spectrum (aj ∈ S), then S({aj}) = S .
That is, taking 2a = Q + ip , the integral is over the contour p ∈ R+ . If some charges are
outside S , the amplitude may be defined through analytic continuation, with discrete contributions
appearing as poles cross the contour of integration. The s-channel conformal blocks Fa4a3a2a1(a|η)
are holomorphic in η and are determined entirely by conformal invariance. They are related to the
t-channel conformal blocks by a fusing matrix F as follows
Fa4a3a2a1(a|η) =
∫
S({aj})
daˆ F[ a3 a2a4 a1 ](a, aˆ)Fa4a1a2a3(aˆ|1− η) (61)
It is conventional in Liouville theory to use vertex operator rescalings Va → f(a)Va to set
DL(a) = RL(a) . This leads to RL(a)DL(Q − a) = 1 , which brings the two-point function (57) to
the form
GL(a2, a1) = 2piδ(p1 + p2) + RL(a1) 2piδ(p1 − p2) (62)
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Under rescaling,
DL(a)→ (f(a))2DL(a) and RL(a)→ f(a)
f(Q− a) RL(a) (63)
The choice DL(a) = RL(a) thus restricts further rescalings to have f(a)f(Q− a) = 1 . In addition,
it it convenient to scale the a = 0 operator so that it corresponds to the identity (V0 = 1). In
this case GL(a2, a1) = CL(0, a2, a1) , and further vertex operator rescalings are restricted to have
f(0) = 1 .
Derivation of the shift relations for c > 25
In general the integrals in (60 , 61) are over an infinite number of discretely and continuously indexed
Virasoro representations. However, among the non-normalizable operators in Liouville theory are a
discrete set of degenerate primary fields for which these expansions are truncated to a finite number
of terms. In particular, for the vertex operators Va(m,n) , where
2a(m,n) = −(n− 1) b − (m− 1) b−1 m,n ∈ Z>0 (64)
there exists a null descendant at level mn. In the case of a(1, 2) = −b/2 , the assumption of the
decoupling of this null descendant results in(L−2 + b−2L2−1)V−b/2 = 0 (65)
This may be shown to imply that the three-point amplitude CL(a1,−b/2, a3) vanishes unless a3 =
a1±b/2, and that the factorization of the four point function (60) is a sum of two terms. Specifically,
the vanishing (65) of the null vector at level 2 in a four-point function with degenerate primary
Va2 = V−b/2 results in the differential equation(
− 1
b2
d2
dη2
+
(
1
η
− 1
1− η
)
d
dη
− h1
η2
− h3
(1− η)2 −
(h1 + h2 + h3 − h4)
η(1− η)
)
Ga4a3a2a1(η, η¯) = 0 (66)
Here h2 = h(−b/2) = −1/2− 3b2/4 . The truncated OPE for V− 12 b results in the factorization
Ga4a3a2a1(η, η¯) =
∑
a=a1±b/2
CL(a4, a3, a)CL(Q− a,−b/2, a1) |Fa4a3a2a1(a|η)|2 (67)
Where the normalization RL(Q− a) = DL(a)−1 has been chosen as in (62). The differential equa-
tion (66) then implies that the conformal blocks in (67) are expressed in terms of hypergeometric
functions
Fa4a3a2a1(a1 ± b/2 |η) = (η)h(a1±b/2)−h1−h2 (1− η)h(a3±b/2)−h3−h2 F (α±, β±; ρ±|η) (68)
Where, defining 2aj = Q− λj , we have
2α± = 1± b (λ1 + λ3 + λ4)
2β± = 1± b (λ1 + λ3 − λ4) (69)
ρ± = 1± b λ1
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Taking s, t = ±1 , and defining
Fst = F[ a3−b/2a4 a1 ](a1 + sb/2, a3 + tb/2) (70)
it may be seen that the elements of the fusing matrix (61) are given by
F±± =
Γ(ρ±)Γ(ρ± − α± − β±)
Γ(ρ± − α±)Γ(ρ± − β±) (71)
and
F±∓ =
Γ(ρ±)Γ(α± + β± − ρ±)
Γ(α±)Γ(β±)
(72)
This computation requires the identities
F (α, β; ρ |η) = Γ(ρ)Γ(ρ− α− β)
Γ(ρ− α)Γ(ρ− β) F (α, β;α+ β − ρ+ 1 |1− η) (73)
+
Γ(ρ)Γ(α+ β − ρ)
Γ(α)Γ(β)
(1− η)ρ−α−β F (ρ− α, ρ− β; ρ− α− β + 1 |1− η)
and
F (α, β; ρ |η) = (1− η)ρ−α−β F (ρ− α, ρ− β; ρ |η) (74)
It is helpful to introduce the definitions
F± = Fa4a1a2a3(a3 ± b/2|1− η) (75)
and
C±(a) = CL(Q− (a± b/2),−b/2, a) (76)
where a sometimes useful relation is
C+(a) =
RL(a)
RL(a+ b/2)
C−(Q− a) (77)
Imposing the crossing symmetry relation (59), the fusion relation (61) leads to∑
s=±
CL(a4, a3, a1 + sb/2)Cs(a1) |Fs+F+ + Fs−F−|2 =∑
t=±
CL(a4, a1, a3 + tb/2)Ct(a3) |Ft|2 (78)
The vanishing of cross terms in the right side of (78) yields
CL(a4, a3, a1 + b/2)C+(a1)
CL(a4, a3, a1 − b/2)C−(a1) = −
F−+F¯−−
F++F¯+−
=
γ(ρ−) γ(α+) γ(ρ+ − α+)
γ(ρ+) γ(β−) γ(ρ− − β−) (79)
To solve for the shift relations it is probably most straightforward3 to introduce a set of vertex
operators Vˆa which satisfy RˆL(a) = ±1 and DˆL(a) = RL(0) . This choice, which preserves Vˆ0 =
V0 = 1 , is given by
Vˆa =
(
RL(0)
RL(a)
)1/2
Va (80)
3For various techniques and normalizations, see [7, 25, 38].
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It should be noted that this rescaling preserves the form of the left hand side of (79), with Cˆ±(a)
defined for Vˆa as in (76). It will be seen below that, for real b ∈ (0, 1] ⊂ R , the sign in Vˆa = ±VˆQ−a
depends only on the central charge and not on the charge a . Choosing a4 = −b/2 and a3 = a1 = a ,
in this normalization we find4(
Cˆ+(a)
Cˆ−(a)
)2
=
(
CˆL(−b/2, a, a+ b/2)
CˆL(−b/2, a, a− b/2)
)2
=
γ(2ab− b2) γ(2− 2ab+ 2b2)
γ(2ab) γ(2− 2ab+ b2) (81)
It should be noted that the preceding argument depends only on the conformal dimensions hj =
aj(Q− aj) of the operators. Thus5
CˆL(a3, a2, a1|b) = CˆL(a3, a2, a1|b−1) (82)
since the explicit dependence of the three-point function on b is only through Q = b−1 + b . Plug-
ging (81) back into (79), renaming a4 → a2 , and taking a1 → a1 + b/2 , leads to the following shift
relation for the RˆL(a) = ±1 normalization
CˆL(a3, a2, a1 + b)
CˆL(a3, a2, a1)
=
(
γ(2a1b) γ(2a1b+ b2)
γ(2− 2a1b) γ(2− 2a1b+ b2)
)1/2
γ(aˆb− 2a1b− b2) γ(2− aˆb+ b2)
γ(aˆb− 2a2b) γ(aˆb− 2a3b) (83)
where, as above, aˆ =
∑
j aj . From (64), there exists a primary vertex operator with a(2, 1) =
−b−1/2 which also has a null descendant at level 2, thus producing the differential equation (66)
with b→ b−1 and h2 = h(−b−1/2). The associated truncated operator product expansion implies
a shift relation for CˆL(a1, a2, a3|b) which follows from (83) by taking b→ b−1 .
5 Shift Relations to Correlators
It may be seen that the shift relation (83) has the solution
CˆL(a3, a2, a1) = AL
(
b2(1/b−b)
)(Q−aˆ) Υb(b)
Υb(aˆ−Q)
∏
j
gL(aj)
Υb(2aj)
Υb(aˆ− 2aj) (84)
where
g2L(a) =
γ(2− 2a/b+ b−2) γ(−b2)
γ(2ab− b2) γ(2 + b−2) (85)
The number AL corresponds to the overall scale of the three-point function that is left undetermined
by the bootstrap. Under reflection we have
RˆL(a) = sign
(
b−2γ(−b2)
γ(2 + b−2)
)
= (−1)[b−2]−1 (86)
where [b−2] is the largest integer less than b−2, and it has been assumed that b ∈ (0, 1] . We would
now like to use (80) to return to the set of vertex operators Va = RL(a)VQ−a , and choose RL(a)
4Repeated use is made here and below of the identity γ(x+ 1) = −x2γ(x) .
5When it is instructive, and to facilitate comparison of the c > 25 and c < 1 theories, an argument for the coupling
will be added as follows : RL(a) = RL(a|b) .
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to bring the shift relation (83) to a form which is analytic in {aj} and b . However, here and below
the (identity preserving) vertex operator rescaling Va → Aa/QL Va is implemented. Choosing
RL(a) = AL
b−2 γ(2ab− b2)
γ(2− 2a/b+ b−2) (87)
the three-point function CL takes the following form
CL(a3, a2, a1) = AL
(
b2(b
−1−b)
)(Q−aˆ) Υb(b)
Υb(aˆ−Q)
∏
j
Υb(2aj)
Υb(aˆ− 2aj) (88)
The shift relation for the Va operators is given by
CL(a3, a2, a1 + b|b)
CL(a3, a2, a1|b) = HL(a3, a2, a1|b) (89)
where,
HL(a3, a2, a1|b) = b−4 γ(2a1b) γ(2a1b+ b2) γ(aˆb− 2a1b− b
2) γ(2− aˆb+ b2)
γ(aˆb− 2a2b) γ(aˆb− 2a3b) (90)
Using the property of the three-point function (82) that CL(a3, a2, a1|b) = CL(a3, a2, a1|b−1) , the
solution to the shift relation (89) and its b → b−1 counterpart is unique up to an aj-independent
rescaling. Uniqueness follows from the fact that the ratio of any other solution to that of (88)
must be periodic in both b and b−1 , and thus must be independent of aj for real (in general non-
rational) b. Setting AL = (piµγ(b2))Q/b and rescaling Va → A−a/QL Va produces the conventional
normalization of the three-point function CL (8) and reflection coefficient RL(a) (12) in Liouville
theory. Rescaling the result (81) produces
C+(a)
C−(a)
= − piµ
γ(−b2)
γ(2ab− b2 − 1)
γ(2ab)
(91)
where C±(a) are defined as in (76). The expression (91) may be seen to also result from a pertur-
bative calculation as in (18). We may also define the “dual” expression
C˜±(a) = CL(Q− (a± b−1/2),−b−1/2, a) (92)
Taking b→ b−1 in (81) and defining µ˜ as in (5) produces
C˜+(a)
C˜−(a)
= − piµ˜
γ(−b−2)
γ(2ab−1 − b−2 − 1)
γ(2ab−1)
(93)
After the introduction of the “self-dual” potential in (4), this may also be seen to be the perturbative
result. If the expressions (91) and (93) are computed perturbatively, they may be plugged into (79)
to derive the shift relations. However, crossing symmetry still requires the identification (5).
Solution to the shift relations for c ≤ 1
While the expression (88) is, up to the factor AL , the unique solution to (89) for real b, for complex
b there are solutions related to CL by a doubly periodic function of b and b−1. We expect a timelike
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Liouville theory to be related to the spacelike theory by β = ib and αj = iaj . It turns out that
the expression (88) is not analytic for real β and thus a naive continuation of Liouville correlators
to timelike signature is not possible. However it is possible to find a unique solution to the shift
equations (89) for real β. That is, using Λ = −iQ = β−1 − β , there is a correlator6 which satisfies
CM(α3, α2, α1 + β |β)
CM(α3, α2, α1|β) = HM(α3, α2, α1|β) (94)
where
HM(α3, α2, α1|β) ≡ HL(−iα3,−iα2,−iα1| − iβ) (95)
Given (94) and the relation given by β → −β−1 , CM is given by
CM(α3, α2, α1) = AM
(
β2(β
−1+β)
)(−Λ−αˆ) Υβ(β − αˆ− Λ)
Υβ(β)
∏
j
Υβ(β − (αˆ− 2αj))
Υβ(β − 2αj) (96)
where αˆ =
∑
j αj and AM is the scale undetermined by the shift relations. The associated primaries,
which will be denoted by Wα , satisfy W0 = 1 and
Wα = RM(α)W−Λ−α (97)
where
RM(α) = AM
β−2 γ(−2αβ + β2)
γ(2− 2α/β − β−2) (98)
To demonstrate that (96) leads to (94) and (98) requires Υβ(α) = Υβ(β−1 + β − α) . Note in this
regard that hM(α) = hM(−Λ− α) = α(Λ + α) .
Considering the three-point function (96), with 2αj = 2iaj = −Λ− pj , the expression analogous
to (62) is given by
GM(α2, α1) = CM(0, α2, α1) = AM
(
β2(β
−1−β)
)p+ Υ2β(β)Fβ(p+)Fβ(p−)
Υβ(β − p1)Υβ(β − p2) (99)
Where p± = (p1 ± p2)/2 , and where Fβ(k) = Fβ(−k) is given by
Fβ(k) =
Υβ(β − k)
Υβ(β)
Υβ(β + k)
Υβ(β)
(100)
Note that no delta functions appear in GM(α2, α1) , and thus it does not in general vanish for
primaries of different conformal dimensions. It should be recognized that while (96) satisfies the
same analytic shift relation (94) as the Liouville expression (88), the conformal bootstrap derivation
of these relations based on the factorization of the four-point function (60) relies on a diagonal two-
point function (57). Thus there is no reason to expect (96) to correspond to a conformal field
theory for general charges {αj} . However, examining the diagonal terms
GM(α, α) = RM(α) and GM(α,−Λ− α) = 1 (101)
6The subscript of CM denotes the generalized minimal model CFT of [25]. For the minimal model CFT [18], CM
may computed perturbatively (107) in spacelike signature, and involves only the primary charges of the degenerate
representations for rational β2 ∈ R. To compare the expressions in these notes with the usual minimal model
conventions [39], the charges αj should be multiplied by −1 , and the identifications α+ = 1/β , α− = −β , and
α0 = Λ/2 should be made.
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the similarity to (62) is obvious. This suggests a sphere partition function normalized as
〈1〉 = RM(0) = AM β
−2γ(β2)
γ(2− β−2) (102)
This expression vanishes for finite AM for the topological minimal models with β−2 = q ∈ Z>1 ,
but in the β → 1 limit we have 〈1〉 = AM .
Comments on the minimal model correlators
As discussed below, the three-point function of the (p, q) minimal models may be computed from
(96). The minimal models have rational β2 = p/q with q > p > 1 and have a field content
comprised of degenerate representations with primary charges
2α(m,n) = −(n− 1)β + (m− 1)β−1 (103)
Here m and n are restricted to 1 ≤ m < p and 1 ≤ n < q, with fields identified under the reflection
(m,n) → (p −m, q − n) . Choosing AM = (piρ γ(−β2))Λ/β leads to an expression for CM which is
very similar to the conventional Liouville expression (8) , and a perturbative calculation as in (18)
leads to the minimal model amplitudes. For the (p, q) minimal models the perturbative result may
be seen by defining the vertex operators in terms of the spacelike boson φ = iϕ as follows
Wα = e−2iαφ = RM(α) e2i(Λ+α)φ (104)
As for the Liouville case, defining UM = ρ e−2iβφ , there is a “dual” potential
U˜M = ρ˜ e2iφ/β (105)
where
(piρ γ(−β2))1/β = (piρ˜ γ(−β−2))−β (106)
The perturbative result for the minimal models may be derived from
〈Wαn(zn) . . .Wα1(z1)〉ρ =
∞∑
q,p=0
(−1)(q+p)
q! p!
∫
d2xq . . . d
2x1
∫
d2yp . . . d
2y1〈
Wαn(zn) . . .Wα1(z1)UM(xq) . . . UM(x1) U˜M(yp) . . . U˜M(y1)
〉
Λ
(107)
As for (18), the correlator 〈. . .〉Λ is that for the spacelike linear dilaton CFT and vanishes unless the
sum of the charges (coefficients of 2iφ) in a given product of exponentials equals Λ. As discussed
below, the expression (107) must be augmented by the minimal model fusion rules to produce
consistent CFT amplitudes.
To relate the expression (96), when evaluated at the charges (103), to the structure constants of
the minimal model CFT , it is helpful to define rescaled vertex operators Wˆα for which RˆM(α) = ±1 .
As for the Liouville case (80) these are defined by
Wˆα =
(
RM(0)
RM(α)
)1/2
Wα (108)
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which preserves the normalization Wˆ0 = W0 = 1 . The three-point function then takes the form
CˆM(α3, α2, α1) = AM
(
β2(1/β+β)
)(−Λ−αˆ) Υβ(β − αˆ− Λ)
Υβ(β)
∏
j
gM(αj)
Υβ(β − (αˆ− 2αj))
Υβ(β − 2αj) (109)
where
g2M(α|β) = g2L(−iα| − iβ) =
γ(2− 2α/β − β−2) γ(β2)
γ(−2αβ + β2) γ(2− β−2) (110)
The amplitude (109) leads to the reflection relation
RˆM(α) = sign
(
β−2γ(β2)
γ(2− β−2)
)
= (−1)[β−2]−1 (111)
where [β−2] is the largest integer less than β−2, and it has been assumed that β ∈ (0, 1] . With
the choice 〈1〉 = RM(0) = 1 , (109) is the three-point function of the generalized minimal model
(GMM) introduced in [25]. For the minimal models with β2 = p/q for q > p > 1, the rescaling
(108) with α(m,n) as in (103) is non-singular for 1 ≤ m < p and 1 ≤ n < q . However, (108)
diverges for m = p or n = q , and vanishes for m = 0 or n = 0 . For the topological minimal
models with q > p = 1 , (108) is non-singular for m ∈ Z>0 and 1 ≤ n < q . Furthermore, unlike
the terms in the numerator of the Liouville three-point function (88), which vanish at the locations
a(m,n) (64) of the degenerate primaries, the denominator in the corresponding GMM three-point
function (96) does not have zeros at the charges α(m,n) of the minimal models.
We would like to explore whether
Cˆ
(m3,n3)
(m2,n2)(m1,n1)
≡ CˆM(α(m3, n3), α(m2, n2), α(m1, n1))/ 〈1〉 (112)
produces the operator product expansion of the minimal models. As might be expected, using (102),
it may be seen that (112) is independent of the number AM . To relate (112) to the (q > p > 1)
minimal model structure constants, it is sufficient to set nj = 1 and define the more general result
through analytic continuation [19, 33]. In this case 2αj = (mj−1)β−1 satisfies hj = αj(Λ+αj) ≥ 0 .
From the identities (10), for m ∈ Z>0 it may be shown recursively that
Υβ(β − (m− 1)β−1) = Υβ(β) β(m−1)(β−2m−1) Ω(m) (113)
where
Ω(m) =
m−1∏
j=1
γ(jβ−2) (114)
Here Ω(m) , with Ω(1) ≡ 1 , is non-zero and finite for all p > m ≥ 1 . Defining m± ≡ (m1±m2)/2 ,
for m+ ∈ Z>0 and m− ≥ 0 , repeated use of (113) leads to
Cˆ
(1,1)
(m2,1)(m1,1)
=
β2γ(m−)
γ(m−β−2)
g(m1,1)g(m2,1)
β4m−g2(m+,1)
Ω2(m+) Ω2(m− + 1)
Ω(m1) Ω(m2)
(115)
where g(m,n) = gM(α(m,n)) has been defined. The expression (115) equals 1 when m1 = m2 , and
may be seen to vanish when m1 6= m2 . It may also be shown that
Υβ(β − (m− 12)β−1) = Υβ(12β−1) β(m−1)(β
−2(m+1)−1) Ωˆ(m) (116)
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where m ∈ Z>0 , and
Ωˆ(m) =
m−1∏
j=1
γ((j + 12)β
−2) (117)
Again, the function Ωˆ(m) , with Ωˆ(1) ≡ 1 , is non-zero and finite for all p > m ≥ 1 . For (2m+ −
1)/2 ∈ Z>0 and (2m− − 1)/2 ≥ 0 ,
Cˆ
(1,1)
(m2,1)(m1,1)
=
β2
β3β−2
β2γ(m−)
γ(m−β−2)
g(m1,1)g(m2,1)
β4m−g2(m+,1)
Ωˆ2(m+ − 12) Ωˆ2(m− + 12)
Ω(m1) Ω(m2)
Υ4β(
1
2β
−1)
Υ4β(β)
(118)
It may be seen that (118) does not in general vanish for m1 6= m2 . Zeros appear in (109) at the
following values of the charges
|mˆ− nˆ p/q| = (2m− 1) + (2n− 1) p/q m, n ∈ Z>0 (119)
where mˆ =
∑
jmj . Others zeros appear when one of the charges is reflected via (mj , nj) →
(p −mj , q − nj) . This replaces |mˆ − nˆ p/q| in (119) by |mˆj − nˆj p/q| , where mˆj = mˆ − 2mj . As
mentioned in [25], the zeros in the function (109) form a proper subset of the zeros imposed by the
minimal model fusion rules. The latter may be written as
F(m3,n3)(m2,n2)(m1,n1) = N
n3
n2n1(q)N
m3
m2m1(p) + N
q−n3
n2n1(q)N
p−m3
m2m1(p) (120)
where
Nn3n2n1(q) =
{
1 : |n2 − n1| < n3 < min(n2 + n1, 2q − n2 − n1) ,
∑
j nj odd
0 : otherwise
(121)
The minimal model OPE is then given by
Wˆ
(w)
(m2,n2)
Wˆ
(z)
(m1,n1)
=
p−1∑
m3=1
q−1∑
n3=1
F(m3,n3)(m2,n2)(m1,n1) Cˆ
(m3,n3)
(m2,n2)(m1,n1)
[ Wˆ(z)(m3,n3) ] (122)
Where, as above, the operators are at the origin of the frames z = 1 − w = 1/u , and [ Wˆ(m,n) ]
denotes the conformal family of the primary Wˆ(m,n) ≡ Wˆα(m,n) . The non-zero result (118), and the
need to impose the fusion rules by hand in (122), demonstrate that the GMM three-point function
is not Mobius invariant, and thus does not give rise to a consistent CFT. It is, however, the unique
analytic solution to the shift relation (94) and, as in (122), will be present along with a non-analytic
coefficient in the c ≤ 1 theories considered in the next section.
6 Continuation of Spacelike Amplitudes
As shown in the last section, the function CM (96) does not by itself lead to a suitable three-point
function unless multiplied by a non-analytic factor which, as in the case of the minimal models,
leads to a diagonal (Mobius invariant) two-point function. The question then arises as to whether
the continuation of CL (88) to imaginary b produces such a factor, and what ranges of central
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charges and momenta lead to sensible theories. From the shift relations (89, 94, 95), the ratio of CL
to CM must be related by a doubly periodic function in each of the charges aj for Im(b2) 6= 0
CL(a3, a2, a1|b)
CM(ia3, ia2, ia1|ib) = b
−1 T (a3, a2, a1|b) (123)
Here T (aj) = T (aj + b) = T (aj + b−1) may be computed [31, 25] from
Υb(a) Υib(ib− ia) = eipi(b−1−b+2a)2/8 e−piiτ/4 ϑ1(ab
−1|τ)
ϑ3(0|τ) (124)
which is valid for Im(τ) > 0, where τ = b−2 . Using ϑ1(0|τ) = 0 and Υ′b(0) = Υb(b) , it may also be
shown that
Υb(b) Υib(ib) = b−1eipi(b
−1−b)2/8 e−piiτ/4
ϑ′1(0|τ)
ϑ3(0|τ) (125)
Here the relations (10) and the conventions of [40] for the ϑ functions have been used. Since T is
not independent of aj , it follows that CM is not analytic for real b, where CL is the unique analytic
solution to the shift equations. Similarly, as shown in figure 3, this shows that CL is not analytic
for real β = ib. The function T in (123) is given by
T (a3, a2, a1|b) = e−ipi(Q−2aˆ)b−1 ϑ
′
1(0|τ)
ϑ1((aˆ−Q)b−1|τ)
∏
j
ϑ1(2ajb−1|τ)
ϑ1((aˆ− 2aj)b−1|τ) (126)
This function may be seen to be analytic in the charges aj for Im(b2) < 0 . It is also anti-symmetric
under reflection in each of its arguments7 :
T (Q− aj)
T (aj)
= b2/β2 = −1 (127)
It is helpful in what follows to introduce a number of ϑ1 function identities. In the conventions
used here, the product representation of ϑ1(x|τ) has the form
ϑ1(x|τ) = 2 epiiτ/4 sin(pix)
∞∏
n=1
(1− e2piinτ )(1− e2pii(nτ+x))(1− e2pii(nτ−x)) (128)
which leads to
ϑ′1(0|τ) = 2pi η3(τ) = 2pi epiiτ/4
∞∏
n=1
(1− e2piinτ )3 (129)
The ϑ1 function satisfies the quasi-periodicities
ϑ1(x+ 1|τ) = −ϑ1(x|τ) = ϑ1(−x|τ) (130)
ϑ1(x+ τ |τ) = − e−2pii(x+τ/2) ϑ1(x|τ) (131)
and possesses the following behavior under modular transformations
ϑ1(x|τ + 1) = epii/4 ϑ1(x|τ) (132)
ϑ1(x/τ | − 1/τ) = −(−iτ)1/2 epiix2/τ ϑ1(x|τ) (133)
7This is true for Im(b2) < 0 , but is consistent with the expressions (86) and (111), which are valid for b2 ∈ R .
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CL non-analytic CM non-analytic
b2 = −i
c = 25c = 1
b2
Figure 3: The figure above shows the complex b2 plane. The black curve is the branch solution of
the equation c = 1 + 6(b + 1/b)2 for which b ∈ (0, 1] for c ≥ 25 and β = ib ∈ (0, 1] for c ≤ 1. The
blue half-line (b2 ∈ R+) is the domain on which CL is the unique analytic solution to (89). The red
half-line (b2 ∈ R−) is the domain on which CM is the unique analytic solution to (94). Thus (95)
requires that CL and CM are non-analytic on the red and blue half-lines, respectively.
Defining xˆ =
∑3
j=1 xj , it may be shown that
ϑ1(2x)
∏
j
ϑ1(2xj) = ϑ1(xˆ− x)
∏
j
ϑ1(xˆ− 2xj + x)− ϑ1(xˆ+ x)
∏
j
ϑ1(xˆ− 2xj − x) (134)
Here the identification ϑ1(x) ≡ ϑ1(x|τ) has been made. A consequence of this identity is
ϑ′1(0)
∏
j
ϑ1(2xj) = −
(
ϑ′1(xˆ)
ϑ1(xˆ)
−
∑
k
ϑ′1(xˆ− 2xk)
ϑ1(xˆ− 2xk)
)
ϑ1(xˆ)
∏
j
ϑ1(xˆ− 2xj) (135)
We would now like to examine the factor T (126) in the limit Im(b−2) → 0+. While ϑ1(x|τ)
is extremely singular in this limit, it will be shown below that for β2 = p/q with (p, q) coprime
integers which satisfy q ≥ p ≥ 1 , the non-analytic factor T produces non-trivial amplitudes for CL .
The corresponding central charges
c = 13− 6 (p/q + q/p) (136)
include those of the minimal models. It will further be shown that Mobius invariant amplitudes
are produced only for c = 13− 6 (q−1 + q) of the topological minimal models. These latter models
involve degenerate representations with primary charges as in (103) :
2α(m,n) = −(n− 1)/√q + (m− 1)√q (137)
but with the restriction m ∈ Z>0 and 1 ≤ n < q. While the central charges (136) are rational, the
factor T may be seen to vanish for the degenerate charges α(m,n) , and the amplitude given by CL
for imaginary b through (123) has a spectrum which does not include these conformal dimensions.
The treatment here follows that of [31] closely, where the c = 1 case was considered. For conformal
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dimensions h > (c − 1)/24 = 0 , it was found in [31] that (123) is equivalent to the three-point
function of the p → ∞ limit of unitary (p, p + 1) minimal models considered in [33]. This theory
involves a continuous set of primary fields which excludes the c = 1 degenerate primaries with
h = n2/4 for n ∈ Z . Taking xj = ajb−1 and making use of (135) we have
T = −ϑ
′
1(0)
ϑ1(xˆ)
∏
j
ϑ1(2xj)
ϑ1(xˆ− 2xj) =
ϑ′1(xˆ)
ϑ1(xˆ)
−
∑
j
ϑ′1(xˆ− 2xj)
ϑ1(xˆ− 2xj) (138)
This may be written as
T =
d
dx
ln
(
ϑ1(x)∏
j ϑ1(x− 2xj)
)∣∣∣∣∣
x=xˆ
(139)
As mentioned above, while ϑ1 exhibits the quasi-periodicities of (130) and (131), the factor T in
(139) is periodic under xj → xj + 1 and xj → xj + τ . This may be seen from
ϑ′1(x+ 1)
ϑ1(x+ 1)
=
ϑ′1(x)
ϑ1(x)
and
ϑ′1(x+ τ)
ϑ1(x+ τ)
=
ϑ′1(x)
ϑ1(x)
− 2pii (140)
or, equivalently, from the fact that CM and CL satisfy identical shift relations (89, 94, 95) under
aj → aj+b and aj → aj+b−1. This implies that the limit Im(b−2) ≡ → 0+ can only lead to a non-
trivial three-point function for the choice τ = b−2 = −r + i with r a rational number. Otherwise
the real periodicities of T would not have rational ratio in the limit in which ϑ1 degenerates, and
(139) would have to be a constant. This creates a problem since CM does not by itself lead to a
diagonal two-point function. This fact is consistent with CM being the unique analytic solution to
the shift equations for β = ib ∈ R and leads to the expectation that CL is a wildly discontinuous
function of the central charge for c ≤ 1 .
Correlators for h > (c− 1)/24
Since for real conformal dimensions the associated momenta must be either real or imaginary, it is
useful to express the charges as 2aj = Q+ ikj . This leads to
2xj = 2ajb−1 = 2αjβ−1 = 1− q/p− kj
√
q/p (141)
where the limit β = ib → √p/q has been taken. As discussed below, it does not appear that a
sensible two-point function exists for the case of imaginary kj , and thus the three-point function
for h < (c − 1)/24 will not be treated in these notes. As discussed in [31], For hj > (c − 1)/24
(pj ∈ R), the choice (p = 1, q = 1) leads to the following periodic sawtooth function :
D1(x) = lim
→0

2pi
ϑ′1(x|τ)
ϑ1(x|τ) = 1/2− (x− [x]) (142)
Here [x] is the largest integer less than x ∈ R. From (140) it may be seen that this is also the result
for the (τ = −q + i) topological minimal models. For the general (p, q) case this is modified to
Dp(x) = lim
→0

2pi
ϑ′1(x| − q/p+ i)
ϑ1(x| − q/p+ i) = (1/2− (p x− [p x])) /p (143)
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Note that this expression is independent of q. The general result for Dp may be seen to follow from
the various ϑ1 function identities given above, and from the relation
ϑ′1(x|τ)
ϑ1(x|τ) = pi cot(pix) + 4pi
∞∑
n=1
sin(2pinx)
exp(−2piinτ)− 1 (144)
It is evident that Dp(x+ 1/p) = Dp(x) , and
∂Dp
∂x
(x) = −1 +
∑
n∈Z
δ(p x− n) (145)
Thus for xj ∈ R we may write
lim
→0

2pi
T = Dp(xˆ)−
∑
j Dp(xˆ− 2xj) = p−1
(
−1 + [p xˆ]−∑j [p (xˆ− 2xj)]) (146)
Using [−x] = −[x]−1 , and defining kˆ = ∑3j=1 kj , we find the following expression for non-analytic
factor in the three-point amplitude for real kj :
lim
→0

2pi
T = p−1
(
1 + p− q − [12(kˆ
√
qp− p+ q )] +∑j [12((kˆ − 2kj)√qp− p+ q )]) (147)
This may be seen to reduce in the case (p = 1, q = 1) to the non-analytic coefficient of the
three-point function given in [31] , which reproduced the result of [33] in which the c → 1 limit
of unitary minimal models was considered. To define the three-point function of the non-rational
theory considered here, the limit is taken such that A ≡ AL/ is finite. This leads to the following
three-point function
C(p,q)(α3, α2, α1) = lim
→0
CL(−iα3,−iα2,−iα1| − iβ) (148)
= 2pii
√
q/pAA−1M CM(α3, α2, α1|β) lim
→0

2pi
T (149)
This results in
C(p,q)(α3, α2, α1) = 2pii p
−1√q/pA (− 1 + [√qp αˆ]−∑j [√qp (αˆ− 2αj)])
×
(
(q/p)(q/p−p/q)
)(1+αˆ/Λ) Υβ(β − αˆ− Λ)
Υβ(β)
∏
j
Υβ(β − (αˆ− 2αj))
Υβ(β − 2αj) (150)
Here, as above, Λ = β−1 − β , β = ib , and αj = iaj , with b−2 = −q/p+ i .
The two-point function is expected to appear in the limit α3 → 0 . In this case
lim
→0

2pi
T = p−1 (−1− [√qp (α1 − α2)]− [√qp (α2 − α1)] ) = 0 (151)
This result, which follows since the identity is the primary field of a degenerate representation,
clearly does not give rise to a suitable two-point function. The solution given in [33] is to define
1 = lim
α→0
∂
∂α
V−iα (152)
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Thus we define the metric on fields as
G(p,q)(α2, α1) = lim
→0
lim
α→0
∂
∂α
CL(−iα,−iα2,−iα1| − iβ)
= 2pii
√
q/pA A−1M GM(α2, α1|β) lim
→0

2pi
lim
α→0
∂
∂α
T (153)
Computing the derivative of T , we find
lim
→0

2pi
lim
α→0
∂
∂α
T (−iα,−iα2,−iα1) = 2
√
q/p
∑
n∈Z
(
δ(k+
√
qp− n)− δ(k−√qp− n)
)
(154)
where k± = (k1 ± k2)/2 for kj ∈ R as given in (141). The periodic delta functions appearing in
(154) would seem to produce a metric on fields that is not Mobius invariant, since fields of different
conformal dimensions could have a non-zero inner product. However, from (99),
A−1M GM(α2, α1|β) =
(
(q/p)(q/p−p/q)
)−k+/Λ Υ2β(β)Fβ(k+)Fβ(k−)
Υβ(β − k1)Υβ(β − k2) (155)
where Fβ(k) is given by (100). This leads to
Fβ(k±) δ(k±
√
qp− n) = δ(k±√qp− n) Υβ(β − nβ/p)Υβ(β)
Υβ(β + nβ/p)
Υβ(β)
(156)
Thus for the topological minimal models (p = 1), the zeros of the Υ functions impose
Fβ(k±)
∑
n∈Z
δ(k±
√
q − n) = δ(k±√q) (157)
and the corresponding metric on fields is in fact diagonal
Gq(α2, α1) ≡ G(1,q)(α2, α1) = 2i
√
q A
(
2piδ(k+) +Rq(α1) 2piδ(k−)
)
(158)
Here the reflection coefficient Rq(α) is given by8
Rq(α) = − γ(−2αβ + β
2)
β2 γ(2− 2α/β − β−2) = −q
γ(−2α/√q + 1/q)
γ(2− 2α√q − q) (159)
However, for p > 1 the two-point function is not diagonal, and thus operators of different conformal
dimensions have non-zero inner product. We will take this to mean that only the non-rational
theories with central charges
c = 13− 6 (q−1 + q) (160)
lead to well-defined conformal field theories. In the last section some arguments suggesting why
this might make physical sense are put forward.9
8Note the minus sign with respect to RM (98) , in agreement with the continuation of RL (87).
9The significance of the factors of i in Cq ≡ C(1,q) and Gq , as well as that of the scaling A = AL/ , is not clear
to the author. For the latter at least, the inverse of Gq might be used to raise indices on Cq to obtain finite operator
product coefficients in the absence of the scaling.
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Status of the two-point function for h < (c− 1)/24
Consider the expression
T =
ϑ′1(xˆ|τ)
ϑ1(xˆ|τ) −
∑
j
ϑ′1(xˆ− 2xj |τ)
ϑ1(xˆ− 2xj |τ) (161)
with
2x1 = 2a1b−1 = 1 + τ − iω1√q (162)
2x2 = 2a2b−1 = 1 + τ − iω2√q (163)
2x3 = 2a3b−1 = 2σ
√
q (164)
Here τ = −q + i, and ωj and σ will be taken to be real. Ultimately we will be interested in the
σ → 0 limit. Defining 2ω± = ω1 ± ω2, and using the ϑ1 function relations given above we find
T = Tˆ (ω+)− Tˆ (ω−), where
Tˆ (ω) =
ϑ′1(
√
q(σ + iω)|i)
ϑ1(
√
q(σ + iω)|i) +
ϑ′1(
√
q(σ − iω)|i)
ϑ1(
√
q(σ − iω)|i) (165)
This expression vanishes as σ → 0, and thus does not lead to a suitable two-point function. We
thus consider the derivative
lim
x→0
d
dx
ϑ′1(x± iy|i)
ϑ1(x± iy|i) = −i
d
dy
ϑ′1(iy|i)
ϑ1(iy|i) (166)
Implementing the modular transformation,
i
ϑ′1(iy|i)
ϑ1(iy|i) = 
d
dy
ln (ϑ1(y/|i/)) + 2piy (167)
we find
lim
σ→0
d
dσ
 Tˆ (ω) = − 2√
q

d2
dω2
ln (ϑ1(ω
√
q/|i/))− 4pi√q (168)
For  ' 0 with ω ∈ R we have

d
dω
ln (ϑ1(ω
√
q/|i/)) '  d
dω
ln (sin(piω
√
q/)) = pi
√
q cot(piω
√
q/) (169)
or
lim
σ→0
d
dσ
 Tˆ (ω) ' −2pi d
dω
cot(piω
√
q/)− 4pi√q (170)
This leads to
lim
σ→0
d
dσ
 T ' 2pi pi
√
q

(
csc2(piω+
√
q/)− csc2(piω−√q/)
)
(171)
It does not appear that this expression can serve as a metric on fields, and thus the conclusion may
be reached that the spectrum does not include operators of conformal dimension h < (c − 1)/24 .
Whether there is a meaningful way to introduce such operators as non-normalizable fields will not
be addressed here. Since the expression for Cq in (150) is not analytic, it seems reasonable to
conclude10 that only αj ∈ R lead to well defined amplitudes.
10See, however, the discussion in [31] for the c = 1 theory.
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7 String Amplitudes
When combined with ghost contributions, the amplitudes CL and Cq may be assembled into consis-
tent string correlators. Choosing a unit normalization for the ghost amplitude, the corresponding
three-point function is constant on the sphere and is given by
C˜(α3, α2, α1) = Cq(α3, α2, α1)CL(β − α3, β − α2, β − α1|β) (172)
Here αj ∈ R and β = 1/√q . The combined central charge of the Liouville theory and its continued
counterpart compensates for that of the ghost central charge :
1 + 6(1/β + β)2 + 1− 6(1/β − β)2 = 26 (173)
Similarly, the combined conformal dimension of a Liouville operator with charge β − α and a
continued operator of charge α compensates for that of the ghost vertex operator :
(β − α)(1/β + α) + α(1/β − β + α) = 1 (174)
From the expressions for CL (88) and Cq (148) we obtain the following simple result :
C˜(α3, α2, α1) = 2piiA q−4
(
− 1 + [√q αˆ]−
∑
j
[
√
q (αˆ− 2αj)]
)∏
j
γ(1/q − 2αj/√q) (175)
Here the constant AL has been absorbed into A , and all of the Υ functions have cancelled from the
expression. It should be noted that if Cq were replaced by CM as in the minimal gravity of [25] ,
only factors which depend on the normalization of vertex operators appear in the analogous string
amplitude.
8 Interpretation and Conclusion
An interpretation of the models considered here in terms of an interacting timelike boson associated
with asymptotically de Sitter cosmologies appears problematic. This is since the spectrum of
primary fields does not correspond to the normalizable states of the timelike Liouville quantum
mechanics treated in section 3 and in [34, 35]. This is further complicated by the fact that there
do not appear to be normalizable states for conformal dimensions h < (c − 1)/24 . In the c = 1
treatment of [31] , fields with these conformal dimensions are taken to be normalizable for a timelike
boson since the arguments of the corresponding exponential operators are imaginary. Similarly,
fields with h > (c− 1)/24 are taken to be normalizable for a spacelike boson. Through the state-
operator correspondence this is also a reasonable interpretation in the case of c < 1 . Having
said this, it should be noted that the exponential fields only give the asymptotic form of the
wavefunctions of the interacting theories, and the timelike zero-mode picture certainly leads to
normalizable states with asymptotically decaying real exponentials for h > (c− 1)/24 .
However, there are reasons to suspect that the theories considered here may admit interpretations
relevant to two-dimensional gravity. One of the problems with such an interpretation for generic
central charge is the existence of a dual potential that appears in the Coulomb-gas computation
of correlators. In Liouville theory such a potential ( 4piµ˜ e2φ/b ) also appears as the alternative
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dimension one operator to the canonical Liouville potential ( 4piµ e2bφ ), with the respective cosmo-
logical constants being fixed with respect to one another by crossing symmetry (5). Both of these
potentials admit a region of field space at weak string coupling (φ → −∞ ) for which a free field
theory appears. For the c ≤ 1 timelike theory, the canonical potential ( 4piρ e2βϕ ) vanishes in the
region of strong string coupling (ϕ = −iφ → −∞ ). For small matter conformal dimensions in
a string model, a large Casimir energy prevents the field from exploring this domain. However,
for sufficient matter energy it is possible for the dual potential ( 4piρ˜ e−2ϕ/β ) to grow large. In
the two-dimensional gravity interpretation this is associated with small spatial scale in collapsing
asymptotically de Sitter geometries. If the dual potential is non-zero, a free field treatment at small
spatial scale is not available. It turns out that the dual cosmological constant in the timelike theory,
which is also fixed with respect to the canonical cosmological constant (106), vanishes precisely for
the central charges (1) of the non-rational theories considered here (see figure 4). These are also
the only central charges for which the dual cosmological constant is real. Whatever the spacetime
interpretation, this is at least suggestive of a more tractable family of non-rational theories than
might be expected at generic central charge.
piµ˜
b−2
2 3 4 5 6
-10
-5
5
10
piρ˜
β−22 3 4 5 6
-0.5
0.5
Figure 4: The figure at left is the coefficient of the dual potential piµ˜ e2φ/b as a function of b−2
for the choice piµ = 1 in Liouville theory. Here the real part is shown in blue and the imaginary
part is shown in red. It may be seen that the dual potential is not bounded from below for all
c ≥ 25 , despite the assumption of a single vertex operator per conformal dimension utilized in
the conformal bootstrap. The figure at right is the corresponding coefficient of the dual potential
piρ˜ e−2ϕ/β as a function of β−2 for the choice piρ = 1 in the continuation of Liouville theory to c ≤ 1.
In this case the dual potential is complex and vanishes at the central charges c = 13− 6(q−1 + q)
for q ∈ Z+ of the topological minimal models.
It should be said that the language of the preceding two paragraphs is largely heuristic in nature.
The status of the dual potentials in the respective CFTs is well-defined from a mathematical
standpoint, but their physical significance is not apparent.11 Furthermore, as opposed to the
continuation of the Liouville charges, the timelike rotation of the Liouville boson certainly warrants
skepticism. Putting these interpretational issues aside, it does appear that the CFTs discussed here
are closely associated with the non-rational c = 1 model of [33, 31]. The extent to which these
theories have physical significance is a question for further investigation.
11This confusion exists at least in the mind of the author. For some discussion see [15].
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